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3 (Sem-4/CBCS) MAT HC 3

2025

MATHEMATICS
(Honours Core)

Paper : MAT-HC-4036
(Ring Theory) (f
cy

Full Marks : 80

Time : Three hours

The figures in the margin indicate
Jull marks for the questions.

1. Answer the following questions as directed :
1x10=10

(a) Define characteristic of a ring.

(b) State whether the following statement
is True or False :
“n7 U 37 is a subring of 7 ”.

(c) In the ring of integers, find a positive

integer x such that (x)=(m)+(n).
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(d) How many zeros does the equation

x?+3x+2=0 have in Zg ?

(e) Find all the maximal ideals in Zg.
(/ What is the characteristic of Z,, ®Z, ?

(g) Is the polynomial x? + x+4 irreducible

(d) Consider f(x)=x®+2x+4 and

g(x)=3x+2 in Zg[x]. Determine the
quotient and remainder upon

. dividing f(x) by g(x)-

(e) '.Lt?t f(x)=x>+x*+x+1 €Zy[x]. Write
f(x) as a product of irreducible

polynomials over Z,.

over Z,; ?
_,,;-——a(zy State whether the following statement 3. Answer any four questions : 5x4=20
SOON 1s True or False : '
f\ s (a) Let x be a positive integer. Show that
e/ = \ is a subring of Z;,”.
%‘( S o Q[\/; }:{a+b&:a,be@} is a field.
SN mﬁ) / Deﬁne prime ideal of a ring.
\%’/, Sl (b) Let R be a commutative ring with unity.
N el b ;I‘;Dexamme offaRUED hwhichiis Show that an ideal A of R is prime if
— a
and only if the quotient ring % is an
2. Answer the following questions: 2x5=10 integral domain.
(@ Sho"f’ that the centre of a ring is a (¢) Define integral domain. Prove that if D
SuboRe is an integral domain, then the
(b) Prove that the only ideals of a field polynomial ring D[x] is also an integral
are {o} and F jtself. domain. =5
g N (d) Show that every Euclidean domain is a
fc) . 15 R AR 2 Fool &7 B principal ideal domain.
¢(x): 6x a ring homomorphism ?
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(e) Show that x*+1 is irreducible over Q
but reducible over R.

() Let Dbe a PID and let peD. Prove

tha't (p) is maximal in D if and only if
P 1s irreducible.

Answer -the following questions: 10x4=40

(@) (i) Define subring. Prove that a

nonempty subset S of a ring R is

b a subring. If S is closed under
v % £r5,.3~.\ Subtraction and multiplication.

’1(3:7 'S ' \‘,-\:'F\‘ 1+5=6

/S
B¢ / /i 2-aozoz o
\o, /(',<_Ej',"s= {(a;b,C)GR 2 a+b=c}. Prove

= M\/ or disprove that S is a subring of
4

Or
(i) Lf{t R be a finite commutative ring
with unity. Prove that every

nonzeljo. element of R is either a
zero-divisor or g unit S

(i) Describe al] 2ero-divisors and units
of Z&0 @7, 5
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(b) (1)

(c) (i)
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Let ¢ be a ring homomorphism
from R to S. Then the mapping

from %er;ﬁ to ¢(R), given by
r+Kerg — ¢(r) is an

#(R).
6

I

isomorphism, i.e., I%{er &

D
(i) Let Sz{[_b a]:a,beR}.Show

;\tl’fat ¢:¢ - S given by

(G ) e ;
SV ¢£§le)— e st ring

&3
Py

\isomorphism. 4

OR

For a field IF, define and prove the

division algorithm for F[x].
2+8=10

Prove that Z[JS_ } is not a unique

factorization domain. 4
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(i) Show that the ring of Gaussian
integers Z[i]={a +ib : a,be Z} is a
Euclidean domain with
d(a+ib)=a?+p2. 6

OR

() Find all units, zero-divisors,
idempotents and nilpotent
elements in Z,x 7, . 6

/Cm;\?\
O i ) (R . .
,gfo/‘?t:jﬁ&et F be a field of prime

o g ] ! > =
{:—‘9 = \-pharactenstm p. Prove that
3 i 5 v |

sy ,f‘If:K={xEFixp =x} is a sub field
N & Lot ;

In Z[x], the ring of polynomials
with integer coefficients, let

I={f(x)e Z[x]: f(0)=0}. Prove
that I=(x). 5

R
(i) Show that /<x2 .,.1) is a field. 3

(i) Show that the kernel of a
homomorphism is an ideal. 2
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OR

()

(i) Let
)
f(x) = an xﬂ- +an—l xn

If there is a prime p such that

DlaeD! | e p|a and p?} ay.
Then show that f(x) is irreducible
S
over Q.
S00
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