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New Syllabus

Ri A
(Riemann Irgtegratton and Metric Spaces)

Full Marks : 80

Time : Three hours

Answer the following as directed :

(b)

(c)
(@)

(e)

. 1x10=10
.funct.f a, b] >R be g4 bounded
Ion and P, Q are partitions of

[a, bl. If Qis a refinement of P, then

@  L(f,Q)<L(f,P)

@ U(f,P)<U(f,0)

(@) U(f)<L(f)

(i) L(f)<U(f)
(Choose the correct option)

Find the value of j.eﬁxdx
0

Show that I'(1)=1,

Define Cauchy Sequence i

space. N a metric

_State whether the fo
1s true or false -

“Each subset of 4 disc
1s open.”

Ilowing Statement

rete metric space
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(h) .
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If the mapping d:R?xR?2 >R 1is

defined as d ((xl, yl), (xg, yg)) = lxl —xQ\,

then which one of the follbwing
statements is true ?

(i dis the usual metric on R?
(i) dis uniform metric on R?

(i) dis a pseudo metric on R?

(iv) None of the above statements is true

Which of the following statements is not

trtel?

(i) - In a metric space countable union
of open sets is open

(ii) In a metric space finite union of
closed sets is closed

(i) A non-empty subset of a metric
space is closed if and only if its
complement is open

(iv) None of the above statements is
true

When is a metric space said to be
connected.

Contd.



(i) State whether the following statement
is true or false :

“Image of an open set under a
continuous function is open.”

() Under what condition the metric spaces

(X,dy) and (Y, dy) are said to be
equivalent ?

2. Answer the following questions : 2x5=10

(@) Letu,v:[a, b] > R be differentiable and

u', v’ are integrable on [a, b]. Then show
that

b b
Ju (o ()ax =[u (v ()], - [uw (v ()ax. 3
(b) Show that a subset F of a metric space
(X, d) is closed if and only if F - F.
(e et (Y, dy) be 'a subspace of a metric

space (X,dy) and Sx (z,7) and

Sy (2,7) are open balls with center at

zeY and radius rin the metric space
(X, dy) and (v, dy )

Prove that S, (

respectively.
zZ, r) = SX(Z; r)nY .
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(d) Show that the image of a Cauchy
sequence under uniformly continuous
function is again a Cauchy sequence.

(e) Show that a contraction mapping on a
metric space is uniformly continuous.

3. Answer any four questions : 5x4=20

(a) Sh.ow that a bounded function
f:[a, b] > R is integrable if and only if
d“ for each ¢ > 0, there exists a partition P

f[a b] such that U (f, P)-L(f,P)<e.

Let g be a continuous function on the

closed interval [a, b] and the function f

be continuously differentiable on [a, b].
Further if f' does not change sign on

[a, b], then show that there exists

e[a, b] such that

bff (x)g(x)dx=f(a)(]9(X)dx+f(b)bjg (x)dx.

a C

3 (Sem-6/CBCS) MATHC 1(N/0}/G 5 Contd.



()

(d)

(e)

Let (X,d) be a metric space and the
function d":X x X — R is defined as

! e di(xy)
d g = ’v J
(xy) 1+d (x, y) ge s

Show that (X 5 d*) is a bounded metric
space. i

Let Y be a non-empty subset of the
metric space (X, d).'Prove that the
subspace (Y, dy) is complete if and only
if Yis closed on (X, d).

Show that composition of two uniformly

continuous functions is also uniformly
continuous.

Show that a metric space (X,d) is
disconnected if and only if there exists

a continuous function of (X, d ) onto the

discrete two element space (X0, dyp), i€,
Xo =1{0,1}

on X,.

and d, is the discrete metric
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Answer the following questions: 10x4=40

(a) Let fbe a function on an interval J with

nth derivative f(® continuous on J. If
a, b e J, then show that

n

(n-1)!
where, I f (") (t)dt

Or

Let f:[0,1]> R be continuous and

Then show that

n 1 o
tim =" f (¢;) = [f (x)ax.
LS L 0
Hence show that

lim Y ————=1og+/2 . 5+5=10
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(b) Letl, (p=>1) be the set of all sequences

of real numbers such that if
o= {xn}na € lp , then leilp Sk
i=1

Prove that the function d: lp xlp - R

| : iy
defined by d (x, y) :{ilxn ___ynlp}p

n=1

1s a metric on 1,. Also show that lpisa

complete metric space.

4+6=10
Or o

() Let (X,d) be a metric space and

{xrl}n_gl ’ '{yn}nnge two sequences. T

- Xsuch that x, —» x and Ul
n — «. Then show that

d(xnﬁyn)_}d(x;y) as n— om.
' 4

(W) Let (X, d) be a metric space and Y

a subspace of X, Let Z be

. Let a subset
of. Y. Then shpw that Z is closed in
Yif and only if there exists a closed

S€t F' ¢ X such that Z= Y

— y as
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What are meant by contraction mapping
and fixed point of a contraction mapping

in' &' metricispace Ifi T X - X is a

contraction mapping on a complete
metric space, then show that T has a

unique fixed point. (1+1)+8=10

Or

- If (X, d) be a metric space, then show

that the following statements are

equivalent :

() (X, d) is disconnected.

. il ist two non-em disjoint
Q\\OO‘!\GH C% (i) There exi pty _]
> A 2 subsets A and B, both open in X,

such that X = Au B.

There exist two non-empty disj oint
subsets A and B, both 'c'losedl in X,

such that X =AuUB.

(iv) There exists a proper subset of X
that is both open and closed in X.
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@ (1)

@)

Let f:[a, b] SR be integrable and
F(x)= Jf (t)dt; xela, b] . Show
a

that Fis continuous on [a, b]. Also
show that F is differentiable at

xe[a,b] if fis continuous at

xela,b] and F'(x)= f(x). 7

Let (X, d) be a metric space and
p:XxX >R be defined by

By )

Show that d and p are equivalent
metrics. 3

Or 7
Show that a subset G of a metric

space (X, d) is open if and only if

it is the union of all open balls
contained in G. S

Give example, with justification, of
a homeomorphism from a metric
Space onto another metric space
which is not an isometry. S
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Old Syllabus
Full Marks : 60
(Complex Analysis)

Time : Three hours

1. Answer the following as directed : 1x7=7

(a) Determine the accumulation point of

the set z, :-:I(n =120 )

VA

(b) Describe the domain of f (z)= e

(¢c) Define an entire function.
(d) Determine the singular points of

2z+1
2(22 +1)

f loge is /a" 25N
(e) The value o oge 1s fm

f(2)=

@ 1

(i) 1+2nm

(iii) 2nmi

e (Choose the correct option)
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Answer the foilowing questions :

(@)

(b)

(c)

(@)

1\

lim (—2«&1’ C J is equal to

n—w \ n

@/ 0 (>

(U2 L1 (iv) limit does not exist
(Choose the correct option)

The power expression for cosz is

A e?+e? > ez 1 o-iz
UiEae = i) ———
2 2
IR T
(1it) (iv)

(Choose the correct option)

2%4=8
Sketch the set

|z-1+i|<1

Prove that f'(z) exists every where for
the function f(z)=iz+2.

z
If f(2) = Prove that lim f(z) does
not exist. 3

Evéluate

3.  Answer any three questions from the

following : 5x3=15
(@) (@)

Show that if e? is real, then
Imz=nz(n=0, 1, +2,--) &

(i) Show that exp(2+3zi)=-e*. 2

(b) Suppose that f (2)=u(x y)+iv(x y),

where z=x+iy and 2y=Xx+q,

' W,y = Ug +1vy. Then prove that

lim v(x, y) =1,

(x, y)=(x0. Yo)

() Show that f'(z) exists everywhere,

when f (z) =eZ.

‘ dz )
(d) Evaluat¢ g — » where Cis the top half

of the circle fz| —1 from z=1to z=-1.
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(e) Let C denote the positively oriented
boundary of the square whose sides lie

along the lines x=+2 and y=12.
Applying Cauchy’s integral formula,

e ?dz
evaluate | ———

cz=(")
4. Answer either (a) or (b) and (c):
(@) Suppose that f(z)=u(x, y)+iv (x, y)
and that f'(z) exists at a point

Zy = Xg + 1Yy - Prove that the first order
partial derivatives of u and v must exist

at (xo,Yo) and they must satisfy the
Cauchy-Riemann equations u, =v

and Y, =-v, there.

Also show that f'(z)=u, +iv, =y —iu

Y Y

where partial derivatives are to be -

evaluated at (x, yp). 10
Or

(b) 1If z, and w, are points in the z-plane
and w-plane respectively, then prove

that lim f(z) =< if and only if

Z-—)ZO
lim ={0)
z—>rzg f (z)
Hence show that lim 25 =
z—-1 z41
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(c) If w=f(z)=2, examine whether

4 exists or not. &

5. Answer either (a) or (b):
(a) Let C denote a contour of length L and

suppose that a function f(z) is

piecewise continuous on C. If M is a
non-negative constant such that

|f(z)| < M for all points zon Cat .which

f(2) is defined, then prove that

2\ gato/ /

dz¥ - aen .
IZQ—I < /3, where the arc of
C

the semicircle |z|=2 from z=2 to

z =2i that lies in the first quadrant.

10
; Or
(b) State and prove Liouville’s theorem.
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6.

Answer either (a), (b), (c) or (d):

(@) Prove that if a series of complex numbers

(b)

(@)

converges, then the nth term converges
to zero as n tends to infinity. 3

Test the convergency of the sequence

1 : :
Zn=n—3+l(n:1,2,---) 3
Find Maclaurin’s series for the entire
function filz)=1z 4

Or

_Supf)ose that a function f is analytic

throughout a disc |z- 20| <Ry centred
at z, and with radius R,. Then prove

that “f(z) has a power series
representation

f(z): ian (z-2)" | (]z-—zo|<}i’0)

n=0




