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The gravitational potential energy of a stellar object could be transformed into its
kinetic energy of motion. The random motion of gas particles provides the pressure
that supports the star against self-gravitation. When the star contracts to a smaller
radius, self-gravitation increases, so that the internal pressure also increases to main-
tain hydrostatic equilibrium. The Virial theorem provides the relation between
gravitational potential energy and kinetic energy of a star. It states that

2K + Ω = 0

Here, K is the kinetic energy, Ω is the gravitational potential energy.
Lets consider a configuration of N particles with mass mi, position vector r⃗i,

velocity v⃗i, and momentum p⃗i. For this system the total moment of inertia is given
by,

I =
N∑
i=1

mi|r⃗i|2 =
N∑
i=1

mir⃗i · r⃗i (1)

Differentiating Eq. (1) w.r.t. time

dI

dt
= 2

N∑
i=1

mir⃗i ·
dr⃗i
dt

1

2

dI

dt
=

N∑
i=1

mir⃗i · ˙⃗ri (2)

The time derivative of the moment of inertia is known as virial. Differentiating Eq.
(2) again w.r.t. time we have

1

2

d2I

dt2
=

N∑
i=1

mi
˙⃗ri
2
+

N∑
i=1

mir⃗i ·¨⃗ri (3)

=
N∑
i=1

miv⃗i
2 +

N∑
i=1

mir⃗i · a⃗i (4)

Now from Newton’s Second law,
∑N

i=1mia⃗i = F⃗i.

Again, 1
2

∑N
i=1miv⃗i

2 = KE = K (say).

1

2

d2I

dt2
= 2K +

N∑
i=1

r⃗i · F⃗i (5)
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Figure 1: System of N particles.

If the N particles experience mutual gravitational force (F⃗gi) and some external force

(F⃗ef ) then the force on the ith particle is

F⃗i = F⃗gi + F⃗ef

From Eq.(5),

1

2

d2I

dt2
= 2K +

N∑
i=1

r⃗i · F⃗gi +
N∑
i=1

r⃗i · F⃗ef . (6)

Now, F⃗gi =
∑

j Gmimj
r⃗j−r⃗i
r⃗ij
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∴
N∑
i=1

r⃗i · F⃗gi =
N∑
i=1

N∑
j=1

Gmimj
r⃗i · (r⃗j − r⃗i)

r3ij
(7)

Interchanging i and j in the summation,

∴
N∑
j=1

r⃗j · F⃗gj =
N∑
j=1

N∑
i=1

Gmjmi
r⃗j · (r⃗i − r⃗j)

r3ij

= −
N∑
j=1

N∑
i=1

Gmimj
r⃗j · (r⃗j − r⃗i)

r3ij

Adding the two equations, we get

∴
N∑
i=1

r⃗i · F⃗gi =
N∑
j=1

N∑
i=1

Gmjmi
(r⃗i − r⃗j) · (r⃗j − r⃗i)

r3ij
(8)

= −
N∑
i=1

N∑
j=1,j ̸=i

Gmimj
(r⃗j − r⃗i)

2

r3ij
(9)

= −
N∑
i=1

N∑
j=1,j ̸=i

Gmimj

rij
= Ω. (10)

where Ω is the gravitational potential energy. If the external forces act in the form
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of pressure at the boundary,∑
i=1

r⃗i · F⃗ef = −
∫∫

PdS⃗ · r⃗

= −
∫∫∫

P ∇⃗ · r⃗dV.

Here dS⃗ and dV are surface and volume integration respectively. As ∇⃗ · r⃗ = 3

∴
∑
i

r⃗iF⃗ef = −
∫∫∫

3PdV = −3PV. (11)

∴ from Eq.(6),(10), (11),
1

2

d2I

dt2
= 2K + Ω− 3PV. (12)

For a system in equilibrium, dI/dt is minimum and d2I
dt2

= 0.

∴ 2K + Ω = 3PV . (13)

In absence of external pressure,

2K + Ω = 0 . (14)

This is the Virial Theorem.

This work is licensed under a Creative Commons
“Attribution-NonCommercial 3.0 Unported” license.

3

https://creativecommons.org/licenses/by-nc/3.0/deed.en
https://creativecommons.org/licenses/by-nc/3.0/deed.en
https://creativecommons.org/licenses/by-nc/3.0/deed.en

