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Let’s consider a particle of massm and kinetic energy E be traveling
parallel to the x−axis and approaching a square-well potential of finite
depth as shown in the figure. The potential will be represented by

V = V0 for x < −a
= 0 for − a < x < a

= V0 for x > a

(1)

Now, if ψ1 is the wave function for the particle in Region I then the
Schrödinger’s equation for the particle in Region I is,

− ℏ2

2m

d2ψ1

dx2
− (E − V0)ψ1 = 0; for E < V0

d2ψ1

dx2
− 2m

ℏ2
(V0 − E)ψ1 = 0

d2ψ1

dx2
− β2ψ1 = 0 (2)
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Here, β2 = 2m(V0 − E)/ℏ2
If ψ2 is the wave function for the particle in Region II then the time
independent Schrödinger’s equation for the particle is

− ℏ2

2m

d2ψ2

dx2
− Eψ2 = 0

d2ψ2

dx2
+

2m

ℏ2
Eψ2 = 0

d2ψ2

dx2
+ α2ψ2 = 0 (3)

Here, α2 = 2mE/ℏ2.
Similarly, if ψ3 is the wave function for the particle in Region III, then

− ℏ2

2m

d2ψ3

dx2
− (E − V0)ψ3 = 0

d2ψ3

dx2
− 2m

ℏ2
(V0 − E)ψ3 = 0

d2ψ3

dx2
− β2ψ3 = 0 (4)

The general solution for the equations (2), (3), and (4) are

ψ1 = Aeβx +Be−βx

ψ2 = Ceiαx +De−iαx

ψ3 = Feβx +Ge−βx
(5)

Since the wave function must remain well-behaved, and therefore ψ
should be zero at x = ±∞. Using this condition for RegioIII F = 0.
Thus, we get

ψ1 = Aeβx

ψ2 = Ceiαx +De−iαx

ψ3 = Ge−βx
(6)

The constants A, C, D, G can be calculated using following Boundary
conditions,
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1. ψ is continuous at x = −a and x = a i.e.

ψ1|x=−a = ψ2|x=−a ψ2|x=a = ψ3|x=a.

2. dψ
dx is continuous at x = −a, and x = a, i.e.

dψ1

dx
|x=−a =

dψ2

dx
|x=−a

dψ2

dx
|x=a =

dψ3

dx
|x=a.

Applying the Boundary conditions in Equation (6),

Ae−βa = Ce−iαa +Deiαa (7)

Ge−βa = Ceiαa +De−iαa (8)

βAe−βa = iαCe−iαa − iαDeiαa

= iα(Ce−iαa −Deiαa)

β

iα
Ae−βa = Ce−iαa −Deiαa

(9)

βGe−βa = iαCeiαa − iαDe−iαa

= iα(Ceiαa −De−iαa)

− β

iα
Ge−βa = Ceiαa −De−iαa

(10)

Adding Eq.(7) and Eq.(9) we get

2Ce−iαa =

(
1 +

β

iα

)
Ae−βa

=

(
α− iβ

α

)
Ae−βa

(11)

Again, subtracting Eq.(9) from Eq.(7) we get

2Deiαa =

(
1− β

iα

)
Ae−βa

=

(
α + iβ

α

)
Ae−βa

(12)

Dividing Eq.(11) by Eq.(12)

C

D
=

(
α− iβ

α + iβ

)
e2iαa (13)
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Similarly, adding Eq.(8) and Eq.(10) we get

2Ceiαa =

(
1− β

iα

)
Ge−βa

=

(
α + iβ

α

)
Ge−βa

(14)

And, subtracting Eq.(10) from Eq.(8)

2De−iαa =

(
1 +

β

iα

)
Ge−βa

=

(
α− iβ

α

)
Ge−βa

(15)

Dividing Eq.(14) by Eq.(15)

C

D
=

(
α + iβ

α− iβ

)
e−2iαa (16)

Multiplying Eq.(13) and Eq.(16)

C2

D2
=

(
α− iβ

α + iβ

)
e2iαa ×

(
α + iβ

α− iβ

)
e−2iαa

⇒ C2

D2
= 1

⇒ C

D
= ±1

(17)

Now for C
D = 1 ⇒ C = D, we get From Eq.(7), and Eq.(8) A = G.

Again, since C = D, from Eq.(6)

ψ2 = C(eiαx + e−iαx)

= 2C cosαx

Thus, ψ2(−x) = ψ2(x).
i.e. ψ2(x) has even parity i.e. ψ2(x) for E0 and E2 are symmetric about
x = 0.
Also, for C

D = −1 ⇒ C = −D, and thus A = −G and,

ψ2 = C(eiαx − e−iαx)

= 2C sinαx

Thus, ψ2(−x) = −ψ2(x).
i.e. ψ2(x) is antisymmetric about x = 0.
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Energy eigenvalues: From Eq.(13) and Eq.(16);

α− iβ

α + iβ
e2iαa =

(
α + iβ

α− iβ

)
e−2iαa

⇒ (α+ iβ)2e−2iαa = (α− iβ)2e2iαa

⇒ (α+ iβ)e−iαa = ±(α− iβ)eiαa

(18)

The +ve sign on R.H.S. of Eq.(18) is related to the symmetric solution
and the -ve sign to the anti-symmetric solution.
For a symmetric solution,

(α + iβ)e−iαa = (α− iβ)eiαa

⇒ α[eiαa − e−iαa] = iβ[e−αa + e−iαa]

⇒ α(2i sinαa) = iβ(2 cosαa)

⇒ α

(
sinαa

cosαa

)
= β

⇒ αa tan(αa) = βa

(19)

For an anti-symmetric solution;

(α + iβ)e−iαa = −(α− iβ)eiαa

⇒ α[eiαa + e−iαa] = iβ[e−αa − e−iαa]

⇒ α(2 cosαa) = iβ(2i sinαa)

⇒ α
(cosαa
sinαa

)
= −β

⇒ αa cot(αa) = −βa

(20)

Again,

α2 + β2 =
2mE

ℏ2
+

2m(V0 − E)

ℏ2

=
2mV0
ℏ2

⇒ (α2 + β2)a2 =
2mV0a

2

ℏ2

(21)

Substituting p = αa, q = βa in Eq.(19), Eq.(20), and Eq.(21)

p tan p = q (22)

p cot p = −q (23)

p2 + q2 =
2mV0a

2

ℏ2
(24)
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Energy eigen values of the particle can be obtained by solving Eq.(22)
and Eq.(24) for the symmetric case, and by solving Eq.(23), and Eq.(24)
for anti-symmetric cases respectively. Since no analytical solution is
possible, the only possible way to solve is the graphical solution. Since,
α, and β are restricted to positive values, the required energy values
will be given by the intersections of q = p tan p and q = −p cot p in the
1st quadrant with the circle of known radius (2mEV0a

2

ℏ2 )1/2.

Fig. Graphical solution
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