One Dimensional Potential Well of
finite depth
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Let’s consider a particle of mass m and kinetic energy E be traveling
parallel to the x —axts and approaching a square-well potential of finite
depth as shown in the figure. The potential will be represented by

V=W for x<—a
=0 for —a<z<a (1)
=W for x>a

Now, if 11 is the wave function for the particle in Region I then the
Schrodinger’s equation for the particle in Region 1 is,

h2 d2
d? 2m
@t~ - Bl =0
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—5 — P =0 (2)



Here, 32 = 2m(Vy — E)/R?
If 15 is the wave function for the particle in Region II then the time
independent Schrodinger’s equation for the particle is

+ 062@02 = (3)

Here, a* = 2mE /h?.
Similarly, if 15 is the wave function for the particle in Region III, then

o (E—Vo)pz3 =0
d? 2
T 24— By = 0
d2
L By = ()

The general solution for the equations , , and are

U = AeP 4+ Be "
¢2 — Ceia:c 4 De—ia:z: (5)
Vg = Fe® + Ge "

Since the wave function must remain well-behaved, and therefore v

should be zero at * = +o00. Using this condition for Regiolll F' = 0.
Thus, we get

Uy = AeP”
wz — Ceiowc + De—iax (6)
by = Ge "

The constants A, C, D, G can be calculated using following Boundary
conditions,



1. ) is continuous at * = —a and = = a i.e.

wl‘x:—a - 77b2|9c:—a '@DQ‘x:a -
2. % is continuous at x = —a, and x = a, i.e.
din by i

de =" dax " de """

Applying the Boundary conditions in Equation @,
Ae—ﬁa _ Ce—iaa + Deiaa

Ge—ﬁa _ Ceiaa 4+ De—iaa

BAe_Ba = jaCe " — jaDe'
— i&(ce—iaa . Deiaa)

ﬁAe—ﬁa _ Oe—iaa . Deiaa
Je'

BG@"BQ = (e — joDe ¢

= ia(Ce'™ — De %)

_ﬁGe—,Ba _ Oeiaa . De—ioza
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Adding Eq.(7) and Eq.(9) we get

20 e e — (1 + ﬁ) AePa

(103

_ <a — zﬁ) Ao
o

Again, subtracting Eq.(9) from Eq.(7) we get
2De' = (1 - ﬁ) AePa
1o’

- <Oé+i5) AePe

(07

Dividing Eq. by Eq.

g_ Oé_iﬁ eZz’aa
D \a+ip
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Similarly, adding Eq.(8) and Eq.(10) we get

20! = (1 — ﬁ) Ge Pe
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. (14)
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And, subtracting Eq.(10) from Eq.(g)
2De™"" = (1 + ﬁ) Ge P
i
. (15)
— (a _ Zﬁ) Ge P
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Dividing Eq. by Eq.
C a+if\ o
i ioa 16
D <a — zﬁ) c (16)
Multiplying Eq.(13)) and Eq.(L6)
2 . , ; .
C — o 25 eQzaa % Qa + 16 e—2wza
D? a+ i a—if
c* 17
S

Now for % =1= C = D, we get From Eq.(7]), and Eq.(§) 4 = G.
Again, since C' = D, from Eq. ()
¢2 — O(eiax 4 e—iaac)
= 2C cos ax
Thus, to(—2) = ¢a(z).
i.e. 1o(x) has even parity i.e. 1s(x) for Ey and Fy are symmetric about
x = 0.
Also, for % =—-1 = (C=-D, and thus A = —G and,
¢2 — O(eiax o e—iax)
= 2C'sin ax

Thus, ¢o(—z) = —ta(z).

i.e. 19(x) is antisymmetric about x = 0.
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Energy eigenvalues: From Eq.(13]) and Eq.(16));
a — 26 2iaa a+ 26 —2iaa
— € = X €
a—+ 18 a—1if3
= (Od 4+ ,L-B)Ze—%aa — (a o iﬁ)2€2iaa
= (a +iB)e " = £(a — iB)e™

(18)

The +ve sign on R.H.S. of Eq.(18) is related to the symmetric solution
and the -ve sign to the anti-symmetric solution.
For a symmetric solution,

(a+iB)e " = (a —if)e'™
= a[ez’aa . e—ioza] — iﬁ[e—aa 4+ e—iaa]
= a(2isinaa) = (2 cos aa)
o (sm aa) _ 3
cos aa

= aatan(aa) = fa

For an anti-symmetric solution;
(Ck 4+ Z-B)e—iaa — _(a o iﬁ)eiaa
= a[eiaa i e—iaa] iﬁ[e—aa o e—iaa]
= (2 cosaa) = 1(2isin aa) (20)
cos aa
: —
sin aa

= aacot(aa) = —fa

=a

Again,

2mE  2m(Vy — E)
N h?
_ (21)

Substituting p = aa, ¢ = Ba in Eq.(19), Eq.(20), and Eq.(21])
ptanp =g (22)
pcotp = —q (23)

2mVya?
P ==

(24)



Energy eigen values of the particle can be obtained by solving Eq.(22)
and Eq.(24) for the symmetric case, and by solving Eq.(23), and Eq.(24)
for anti-symmetric cases respectively. Since no analytical solution is
possible, the only possible way to solve is the graphical solution. Since,
a, and [ are restricted to positive values, the required energy values
will be given by the intersections of ¢ = ptanp and ¢ = —pcot p in the

1% quadrant with the circle of known radius (27”%—2%“2)1/ 2,

—— g = ptan(p)
—— q = -p cot(p)

Fig. Graphical solution
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